§1. Introduction
Noncommutative geometry is the oldest and most genuine approach to renormalization. As a generalization, noncommutative field theories stand in the tradition of quantum mechanics. However, for decades the main obstacle in its development has been the breakdown of Lorentz-covariance due to the new algebraic properties of noncommutative coordinates in configuration space. In this introduction we want to trace through some main milestones in the progress of this subject and moreover show how much even today it is an actual issue. In the forthcoming sections we illustrate a possible solution of how this problem can be addressed in physics.
Some history
It has been Heisenberg himself who generalized the scheme of quantization towards a specific type of noncommutative geometry that today is known as the canonical structure [x µ , x ν ] = θ µν .
At that time Heisenberg chose the structure constant θ µν to be equal to the Minkowskian metric tensor η µν . In a letter of 1930 he pointed out to Peierls how he intended to use this modification to renormalize diverging electron self-energies. In the mean time Heisenberg already in this early stage of development confronted with the problem to preserve Lorentz-invariance. Of course the special choice of the structure constant preserves this property, while in parallel it imposes the logical problem to justify the usage of a symmetric tensor η µν that contrasts with the antisymmetry of the commutator. It will take around seven decades until this problem gets solved for general constant θ µν . Some years after, in 1947, Snyder published his quantum Up to now it constitutes the only noncommutative spacetime that transforms invariant under the undeformed Lorentz-algebra. Its de Sitter-like momentum space was further discussed by Yang. 31) To this very day Snyder's quantum spacetime has often be reconsidered for field theoretical applications. Among the first Gol' fand in the beginning 1960s considered field theories and feynman diagramms on it. 10)-12) In parallel to Snyder's work, in the 1940s quantum field theory and renormalization delivered their first successful theory: QED. Thus until the 1970s, in this concern, noncommutative geometry did not play any crucial role anymore. The situation changed, when the standard model of particles had been established and the focus of research became redirected to unification with gravity. Since high-energy effects of gravity are expected to deliver a discretization of spacetime, noncommutative geometry also in respect to quantum mechanics would provide the most elegant way to implement such features. Then in the late 1980s quantum groups were invented. 8), 9), 14), 19), 26), 30) The most relevant versions for physics are the one parameter q-deformations of universal enveloping algebras U q (g) and dual compact matrix groups G q . Deformations were restricted to quadratic representation spaces of the type
such as q-Euclidean space and q-Minkowski spacetime. Here deformation is performed in terms of the R-Matrix and its dual equivalent, the quasitriangular structure R ∈ U (g) ⊗ U (g) that modifies the Leibniz-rule i.e. the coproduct according to
Although yet only quadratic representations were possible to be established, quantum groups represented a true breakthrough in the discussion of Lorentz-invariance. However, sophisticated mathematical requirements made this issue rather a new subject for mathematics than for physics. And as such the development kept only sparse physical motivation. For example the new framework could not subsequently provide symmetries for known noncommutative spaces, as there were many showing up in various physical models. In 1991 a first change in this respect had been provided by the κ-Lorentz-Algebra. 21), 22) It had been obtained by a dimensional reduction from O q (2, 3) and provided a so-called Lie-algebra type quantum space algebra
The most interesting aspect from the mathematical side had been that the deformation could not be performed in terms of symmetry generators alone -some enhancement of the algebra by translations had to be considered. And thus it took more than seventy years to find a satisfying answer to the problem originally risen by Heisenberg. And once more, as in the case of the κ-Lorentz-algebra, the symmetry algebra had to be enhanced by the algebra of translations to perform this crucial step.
Discussion
The standard procedure in quantum groups is first to perform a deformation of algebras or groups and then to consider their representation afterwards. And in this sense twists become starproducts of the algebra of functions on the corresponding representation space. Such twists are i.e. such a deformation is composed of generators of the symmetry algebra itself. But we just saw that physics came up with noncommutative spaces that can be endowed with a notion of a quantized symmetry, if before one enhances the symmetry algebra by the translational algebra. But even this might not be enough for some noncommutative spaces. Thus the standard situation in physics is the other way around than in mathematicswe begin with a representation space and seek for a corresponding deformation of a symmetry algebra. In technical terms we have to push starproducts to twists. This can be performed by the construction of an algebraic formulation of vector fields W that accommodates finite dimensional representations of symmetry algebras as subalgebras. The technical subtlety here is that vector fields cannot be enhanced to a Hopf-algebra in a simple way. This is similar to the problem to lift a Heisenbergalgebra to a Hopf-algebra. In the rest of this treatise we show how such vector fields nevertheless can be constructed 16), 17) such that they can obtain a coalgebra structure and antipode. And with their use we can construct twists that deform a Lie-algebra g without necessarily using its generators -or in technical terms we can construct twists with
The only input we require is the existence of the commutative limit. In the following we sketch how these vector fields are build and give some actual application of them. In the case of the Heisenberg-algebra there is also a solution found to make such an enhancement. This was performed by Majid and Oeckl. 23) With respect to quantum differentials it is also instructive to study works by Connes and Landi. 5), 20) §2. Vector field twisting
In this section we shortly review basic ingredients of Hopf-algebras and deformation before we come to the actual construction of algebraic vector fields. For the latter purpose we only require a finite n-dimensional K-linear space X that we enhance to a universal enveloping algebra with commutation relations
We furthermore consider the universal enveloping algebra U (g) of a Lie-algebra g to be represented on X before we come to a deformation of this setup.
Invitation to quantum groups
In this treatise we concentrate on deformations of universal enveloping algebras U (g) of Lie-algebras g. We consider a Lie-algebra to be a p-dimensional vector space over the field K with basis (g a ) a∈1,...p that is further endowed with a Lie-bracket
We build a two-sided ideal I g by the use of the generating relations
in order to obtain the universal enveloping algebra that is defined as the quotient
Here T (g) is the free algebra of the generators of g. In the following we particularly want to consider finite dimensional representations of U (g) on X. More specifically we are to consider matrix representations and we further also want to respect the algebraic structure of U (X). Thus U (g) is enhanced to a Hopf-algebra by the choice of a primitive type coalgebra sector
The matrix representation on basis elements (x i ) i∈1,...n of X is then given by
Together with the coproduct ∆(g a ) = g a (1) ⊗ g a (2) and counit (g a ) of U (g) we obtain the action of generators of U (g) on products of basis elements of U (X) by
For the quantization of U (g) it is sufficient to deform its coproduct and antipode in order make it noncocommutative. Such a deformation is ruled by a deformation
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parameter h ∈ K such that through duality the noncocommutativity of U h (g) corresponds to the noncommutativity of the deformed algebra U (X h ) of representation space. For the latter algebra relations (2 . 1) are then modified to
that generate the new ideal of U (X h ). Quantization of the coproduct of U (g) is usually either performed by a twist F or indirectly by the use of the quasitriangular structure R. Both are subject to the deformation parameter h. The quasitriangular structure R describes the procedure of cocommuting coproducts according to
where R ∈ U (g) ⊗ U (g) is called the quasitriangular structure or the universal RMatrix. It is defined by relations
that ensure for coassociativity of the deformed coproduct. The structure invokes the deformation of the product on U (X h ) according to
The latter relation is given in terms of the dual R-Matrix. The twist F ∈ U (g)⊗U (g) is defined in a similar way as R but performs the deformation more directly. The deformed coproduct can be directly expressed as
Coassociativity of this quantized coproduct is ensured by the property of the twist that
Also in this case the twist invokes noncommutativity on U (X h ) according to
The twist thus automatically becomes a starproduct on U (X) -the opposite however would not be true.
Hopf-algebra of vector fields
The aim of this subsection is to construct the Hopf-algebra of vector fields W(Π, X) such that we can accommodate a matrix representation of U (g) as a subalgebra. This allows us to deform the coalgebra of U (g) within the larger algebra W(Π, X) that in the same time provides the required differential operators to establish starproducts on U (X h ). We thus also have to represent W(Π, X) on U (X) to obtain both -the matrix representation of U (g) as well as the starproducts on U (X h ). The only ingredient for the construction of our vector fields is the original representation space U (X). Such an algebra is usually expanded to a Hopf-algebra of the same type as U (g). We are not doing this here. Instead we take a copy of U (X) that we call U (Π). Here Π is nothing but another symbol for X just to distinguish the two copies. The same holds for the basis (x i ) i∈1,...n of X that translates to the basis (π k ) k∈1,...n for Π. But in contrast to U (X) we endow U (Π) with a primitive type coalgebra
With this preparation we obtain the representation of U (Π) and U (X) by
This enables us to consider the left cross-product
Its multiplication is given by
Here we already see the vector field character of U (X) > U (Π). To ease our notation the n 2 + 2n generators are rewritten according to
Before we can accommodate a matrix representation of U (g) it is necessary to lift the cross-product U (X) > U (Π) to a Hopf-algebra. In its current structure it is impossible to do that step in a canonical way without violating the homomorphy property of the coproduct. We thus have to cut this algebra down such that we can take the required action. This is performed by identifying all w − i with the zero element of the algebra. In technical terms we introduce our Hopf-algebra of vector fields by the quotient
We are thus left with n 2 + n generators that together with (2 . 2) exhibit the following algebra relations: 
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As a last step, before we come to quantization, we have to represent W(Π, X) on U (X). This is performed as expected for vector fields according to
We thereby obtain the accommodation of the matrix representation of U (g) in W(Π, X) as well as its representation again on U (X) by
Twisting
We now find ourselves in the comfortable situation that we can twist U (g) by the use of the larger Hopf-algebra of vector fields W(Π, X). And in the mean time the twist we use to perform these deformations can be taken from a starproduct that comes with a noncommutative space. This is the situation we know from physics or in technical terms, a starproduct of U (X h ) becomes a twist
X). §3. High-energy Heisenberg-algebras
In this final section we apply the outlined technique of vector field twisting to a very specific example in physics. Namely we deform the product of the Heisenbergalgebra with starproducts to versions that are studied in high-energy physics. In the first subsection we outline the physical motivation in this concern. However, we will then use the starproducts as a twist to keep these deformations covariant under the corresponding quantized Poincaré-algebra. In fact we are using two twists -first we deform the commutative phase space algebra to the original Heisenberg-algebra and then take a second twist to obtain its high-energy variant. It can be shown by simple computation that the product of twists is a twist as well. The total twist however represents a simple example -but is nevertheless specific to the so far discussed context of Hopf-algebra of vector fields: It is impossible to design this twist by the use of the Poincaré-algebra. On the other hand this is a starproduct taken from the literature. 13) 
Gravity and quantum mechanics
In the fundamental approach to physics, gravity is expected to govern very large as well as very short scales. These scales are Fourier-inverse. Thus it has to be expected that not only the algebra of coordinates is effected but also the algebra of momenta, when measurements should exhibit a discretized spectrum as well as uncertainties in their measurements. This is discussed in respect to minimal uncertainty theories. 3), 15) And if we consider noncommutative geometry as a gravity motivated generalization of quantum mechanics, then the full deformation would be the honest step because QFT, with its infinite in-principle precision in position measurement, yet cannot accomplish this task. 1), 2) In contrary QFT implicitly neglects all gravity effects. The full deformation of the entire Heisenberg-algebra moreover brings a new quality to noncommutative geometry itself, since with general algebras of the type
the noncommutative scale can directly be related to energy and momentum of the fields. It thus would incorporated a smooth change from the noncommutative to the commutative scale. How this might be implemented into current developments in field theories on noncommutative spaces is yet discussed. After all Snyder's quantum spacetime is already of the type of deformations, we want to suggest here. But in contrast to his construction, today most of these deformed Heisenberg-algebras have a broken Lorentz symmetry. And this is what we now try to fix with algebraic vector fields -as outlined in the next subsection.
Vector field twisting
As already announced, the deformation of the Heisenberg-algebra is obtained by double twist application on the corresponding Lorentzian phase space Γ = R
(1,n−1) ⊕ R (1,n−1) with basis
The first task at hand is thus to take an abstract Hopf-algebra of momenta U (Π) as a copy of U (Γ ) that we obtain by imposing commutative relations
as demonstrated in the last section. Again U (Γ ) is kept as a bare algebra and in contrast to this the algebra of momenta U (Π), with algebraic relations
is lifted to a Hopf-algebra by
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As also explained in the previous section we again construct the Hopf-algebra of vector fields W(Π, Γ ) by suitably dividing the cross-product of U (Π) and U (Γ ). Again we make the identification
and introduce the primitive type coalgebra
Finally we as well represent W(Π, Γ ) on U (Γ ) by
Since we intend to deform the Lorentzian phase space algebra we now implement a matrix representation of the Poincaré-algebra U (p) in W(Π, Γ ) by
It is easily verified that this representation satisfies the commutation relations of the Poincaré-algebra
From the vector fields W(Π, Γ ) we also directly obtain the required Hopf-structure on U (p) given by
Products of twists turn out to be twists again. In particular we intend to successively apply two twists. Thus for a Hopf-algebra H we might take a twist J ∈ H ⊗ H with the property
We consider the deformation H J of H to be further deformed by a subsequent twist G ∈ H ⊗ H that satisfies the property Thus with F = G · J , we require that
This is easily verified by computation. 16) In order to deform Lorentzian phase space U (Γ ) in a first step to the Heisenberg-algebra U (h 2n ), we use the twist
As a second twist we use a starproduct taken from the literature, 13) being
, a ∈ R in order to obtain a high-energy variant of the Heisenberg-algebra. Note that this twist cannot be expressed in terms of Lorentz-generators. Without the use of the Hopf-algebra of vector fields this is merely a starproduct and not a twist. As a total twist we thus have
We can now evaluate the deformed relations of our modified Heisenberg-algebra as well as compute the deformation of the coproduct of Lorentz-generators. For both cases we give one example. The commutation relations therefore change to
and the corresponding twisted coproduct of a Lorentz-generator becomes
−a η (n−1)(n−1) P (n−1) .
F. Koch §4. Aftermath and outlook
Conclusion
In this treatise we presented an algebraic formulation of vector fields from a commutative limit. The vector fields W(Π, Γ ) are a n 2 + n generator Hopf-algebra of universal enveloping algebra type that contains finite dimensional representations of Lie-algebras as a subset Rep n (U (g)) ⊂ W(Π, Γ ). We therefore obtained a maximal range of deformations of Rep n (U (g)) and thus have the opportunity to adapt quantizations of symmetries to noncommutative models in physics. This is performed by pushing twists to starproducts: * = F . As an actual example currently discussed in high-energy physics, we showed how high-energy variants of the Heisenberg-algebra can be endowed with a notion of Lorentz-symmetry.
Outlook
As a continuation of this work the cohomology of twist F ∈ W(Π, Γ ) ⊗ W(Π, Γ ) should be discussed in order to obtain an overview over possible nontrivial deformations. Moreover it should be possible to use a multiple twist formalism to construct twists for quadratic commutation relations such as for q-deformed quantum spaces.
If noncommutative geometry is considered to be more than an alternative scheme for renormalization, i.e. if we think of it to be induced by a theory of quantum gravity, then the twist element is the only direct junction between gravity and particle physics. Since we consider a theory of quantum gravity to be more fundamental than particle physics, the twist theoretically should mediate the known gauge symmetries. This could be a starting point for the design of a new unified theory. In this respect it is quite interesting to notice the current developments in spin foams related to noncommutative geometry. Quantum groups, i.e. quasitriangular structures and twists are after all the central mathematical tool to discuss knot invariants. Spinfoams and topological models incorporate knots as central elements -and lead to braided noncommutative geometry in the local limit. Knots might thus be considered as new fundamental objects.
